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We study two-photon scattering of a tightly focused weak light beam from a small atomic ensemble
of two-level atoms (2LAs). This is similar to the scattering of photons from an atomic ensemble
in a one-dimensional waveguide. The scaling of two-photon nonlinearity at single-photon resonance
shows a non-monotonic behaviour with an increasing number of few identical 2LAs. The two-photon
nonlinearity decays monotonically with an increasing number of atoms for incident photons detuned
from single-photon resonance. Single-photon transport in two 2LAs is similar to that in a single
V -type three-level atom (3LA). However two-photon transport in these two systems shows very
different line-shapes. When single-photon transmission is zero in these systems, two transmitted
photons are bunched together in a V -type 3LA, while their correlation is zero in two 2LAs. The
difference in the two-photon line-shape persists for few 2LAs and 3LAs. Therefore, the two-photon
scattering of a tightly focused weak light beam can be used as a probe to detect atomic level
structures of different atoms with similar transition energies.
I. INTRODUCTION
A strong photon-photon interaction at the level of weak
light field is one main challenge for realizing photonic
quantum information devices. It is efficiently achieved
by placing a nonlinear medium, such as an atom or a
superconducting qubit in a cavity. The cavity greatly
enhances the coupling between the medium and the pho-
tons. Recently a new approach to realize a strong two-
photon nonlinearity at the level of few photons has been
demonstrated using scattering of a tightly focused light
beam from the dipole moment of an atom [1–4]. It can
be realized easily by confining the light beam and the
atom in a one-dimensional (1D) photonic waveguide [5–
13]. Tight confinement of light fields in the waveguide
directs the majority of the spontaneously emitted light
from the atom into the guided modes, while local inter-
actions at the atom induce a strong photon-photon cor-
relation by preventing multiple occupancy of photons at
the atom.
A single two-level atom (2LA) is highly saturated by
a single photon, thus it creates a strong optical nonlin-
earity for multiple incident photons. However an atomic
ensemble can not be saturated by a single photon when
the number of atoms is large, and the photon-photon in-
teraction declines with an increasing number of 2LAs.
We calculate a scaling of the two-photon nonlinearity
with an increasing number of few identical 2LAs. The
decay of two-photon nonlinearity shows a nonmonotonic
behaviour with the increasing atom number at single-
photon resonance of a 2LA. However the two-photon
nonlinearity is diminished monotonically with increasing
atoms for incident photons detuned from single-photon
resonance. We also derive two-photon scattering by two
different side-coupled 2LAs [14, 15]. The single-photon
scattering by two different side-coupled 2LAs in a 1D
waveguide is similar to that by a V -type three level atom
(3LA) [16]. However, the nature of two-photon scatter-
FIG. 1. A schematic of a small ensemble of atoms in a tightly
focused weak light beam.
ing in these two systems is quite different. When the
single-photon transmission is zero in these systems, two
reflected photons are anti-bunched in a V -type 3LA, but
they are not anti-bunched in two 2LAs. Two transmitted
photons at these parameters are bunched in a 3LA while
there is no transmitted photon for the 2LAs. The differ-
ence in the two-photon line-shape persists for few 2LAs
and V -type 3LAs. Therefore, we propose that the two-
photon scattering line-shape of a tightly focused weak
light beam can be used to probe efficiently atomic level
structures of different type of atomic ensembles.
The Hamiltonian describing the 1D waveguide-atom
system also elucidates the interactions of a (tightly fo-
cused) light beam with an atom in three dimension (3D),
when the beam is designed to mode-match the atom’s ra-
diation pattern [1–4]. Therefore, our present results are
also relevant for the systems of Refs. [1–4] in 3D. The
rest of the paper is organized as follows. In Sec.II we
introduce the general Hamiltonian. In Sec.III we calcu-
late the single and two-photon dynamics for two different
2LAs in a 1D waveguide. The scaling of two-photon cor-
relations with an increasing number of identical 2LAs is
investigated in IV. A comparison of two-photon corre-
lations in few 2LAs and 3LAs is obtained in Sec.V. We
briefly discuss the effect of dipole-dipole interactions be-
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2tween atoms on photon-photon correlations in Sec.VI. In
Sec.VII we point out the advantages and limitations of
the present technique and clarify some experimental is-
sues. We include most of the technical details in the
appendices.
II. GENERAL MODEL
We consider N 2LAs side-coupled to the propagat-
ing left- and right-moving photon modes. These photon
modes can be confined in a 1D waveguide [7] or they can
be created tightly focused by other experimental tech-
niques [3]. For simplicity of calculation, we assume all
the atoms are connected to the chiral photon modes at
a same position. This is a valid approximation for a
small ensemble of atoms, R << λ where R is radius
of the ensemble and λ is resonant radiation wavelength.
This regime of interest is within the experimental reach in
many atom-photon systems with microwave [17] and op-
tical photons [7, 18–20] confined to a single-mode waveg-
uide. Both real and artificial atoms can form the small
ensemble of emitters. However, we are mainly interested
in artificial atoms, such as superconducting qubits [17]
and quantum dots [7, 18–21] ensemble in the solid-state
environment. The advantages of these artificial atoms
over the real atoms are their tunability of resonance fre-
quency and a large dipole moment which helps to create
strong light-matter interactions. The Hamiltonian of the
full system of our interest,
H = −ivg
∫
dx [a†R(x)∂xaR(x)− a†L(x)∂xaL(x)]
+
N∑
l=1
(
Ω˜la
†
elael + [V¯ (a
†
R(0) + a
†
L(0))σl− +H.c.]
)
,(2.1)
where Ω˜l = Ωl − iγl/2. Here vg is the group velocity of
photons, and a†R(x) (a
†
L(x)) is a bosonic creation oper-
ator for a right (left)-moving photon at position x. We
have set ground state energy of 2LAs to be zero, and Ωl
is energy of the excited state of lth 2LA. Here a†el (a
†
gl)
is a creation operator of the lth 2LA’s excited (ground)
state, and σl− = a
†
glael. The coupling strength between
the photon modes and a 2LA is V¯ . We are primarily
interested in the regime where the atoms are strongly
coupled to the guided modes of the waveguide. It im-
plies that most part of the spontaneous emissions from
the atoms is going into the guided modes which has been
reported in experiments [19]. Here we also incorporate
spontaneous emissions from the atoms to the other non-
guided modes which are not part of the left and right
moving photon modes of the Hamiltonian in Eq.2.1. This
is done by including an imaginary term −iγl/2 in the en-
ergy of the excited atomic state within the quantum jump
picture [22]. We can include a dipole-dipole interaction
between atoms of the form J
∑N
l,m=1(σl+σm−+σm−σl+)
where J is the interaction strength. It is straight forward
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FIG. 2. (a) Two different two-level atoms and (b) a V -type
three-level atom in a 1D photonic waveguide with incident,
transmitted and reflected light beams.
to incorporate such interactions within our approach [23].
However we exclude such direct atom-atom interactions
in our Hamiltonian to emphasize that the light-matter
interactions create an effective photon-photon as well as
atom-atom interactions. Later we mention how a direct
dipole-dipole interaction term in the Hamiltonian can af-
fect the photon-photon correlations. Next we transform
the Hamiltonian using, a†e(x) ≡ 1√2 (a
†
R(x)+a
†
L(−x)) and
a†o(x) ≡ 1√2 (a
†
R(x) − a†L(−x)) which decouple H in two
parts, H = He+Ho. One part He contains interaction of
atoms with even photon modes while the other part Ho
has only free propagating photons in odd modes. He =
−ivg
∫
dx a†e(x)∂xae(x) + V (a
†
e(0)
∑N
l=1 σl− + H.c.) +∑N
l=1 Ω˜la
†
elael and Ho = −ivg
∫
dx a†o(x)∂xao(x) where
V =
√
2V¯ . We set vg = 1.
III. TWO DIFFERENT TWO-LEVEL ATOMS
We first calculate single and two-photon scattering
states for two different 2LAs. Our method here can read-
ily be generalized for many different 2LAs. A single-
photon scattering state |k〉 of an incident photon with
energy Ek = k is given by
|k〉 =
∫
dx
{
A1(gk(x)a
†
e(x) + δ(x)ek,1σ1+ + δ(x)ek,2σ2+)
+ B1hk(x)a
†
o(x)
}|∅〉 , (3.1)
where gk(x) (hk(x)) is an amplitude of a single photon
in the even (odd) mode while ek,l is an amplitude of the
excited lth atom with l = 1, 2. Here A1 and B1 satisfy
initial conditions of the incident photon, i.e., the pho-
ton is incoming in the left- or the right-moving chan-
nel. |∅〉 represents vacuum state with the atoms in the
ground state and zero photon in the left and right modes.
We derive the amplitudes in Eq.3.1 using the single-
photon Schro¨dinger equation (see Appendix A). The am-
plitudes are ek,1 = V (Ek − Ω˜2)/(
√
2piΞ), ek,2 = V (Ek −
Ω˜1)/(
√
2piΞ), gk(x) = (θ(−x) + t2(k)θ(x))eikx/
√
2pi and
hk(x) = e
ikx/
√
2pi where Ξ = (Ek−Ω˜1 +iΓ/2)(Ek−Ω˜2 +
iΓ/2) + Γ2/4, Γ = V 2 and
t2(k) = [(Ek − Ω˜1 − iΓ
2
)(Ek − Ω˜2 − iΓ
2
) +
Γ2
4
]/Ξ.
(3.2)
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FIG. 3. Single-photon transmission Tk (solid blue line) and
reflection Rk (dashed red line) coefficients for two 2LAs
strongly coupled to the guided photon modes. In all pan-
els Ω2 − Ω1 = 2.5Γ except Ω1 = Ω2 in panel (a). The loss
terms γ1 = γ2 = Γ/4 in panels (a, b), γ1 = γ2 = 0 in panel
(c), and γ1 = Γ/4, γ2 = 0 in panel (d).
The single-photon transmission coefficient Tk = |t2(k) +
1|2/4, and reflection coefficient Rk = |t2(k) − 1|2/4. We
plot Tk and Rk in Fig.3. When two atoms are identical,
Ω1 = Ω2 = Ω and γ1 = γ2 = γ, the excitation amplitude
of the atoms, ek,1 = ek,2 ≡ e2(k) = 1√2pi VEk−Ω+iγ/2+iΓ
and t2(k) ≡ τ2(k) = Ek−Ω+iγ/2−iΓEk−Ω+iγ/2+iΓ . It has been shown
earlier that a single 2LA in a 1D waveguide behaves as
a perfect mirror, and the incident photon is completely
reflected at single photon resonance, Ek = Ω and γ = 0
[24]. It occurs because the spontaneous emission which is
also part of the guided modes directly gives rise to the re-
flection. We find that the behaviour of the reflection and
transmission coefficients of single photon for two identi-
cal 2LAs is similar to the single 2LA, i.e., Tk = 0 and
Rk = 1 at single-photon resonance. Tk is unity and Rk
is zero for two different 2LAs at Ek = (Ω1 + Ω2)/2 and
γ1 = γ2 = 0. Incident photon at this energy rarely inter-
acts with the atoms and thus transmits fully through the
atoms. Rk is unity and Tk is zero for two different 2LAs
when Ek = Ω1, γ1 = 0 and/or Ek = Ω2, γ2 = 0. This
behaviour is again similar to the perfect mirror nature
of a single atom as the incident photon does not interact
with the other atom detuned in energy. The plots in Fig.3
show that a finite loss affects the single-photon reflection
coefficient relatively more compared to the transmission
coefficient. The reflection of photons in the side-coupled
atom-photon system is solely due to emission of photons
from the excited state of the atoms to the guided modes.
Thus the loss of photons from the excited atomic state to
non-guided modes reduces the reflection coefficient much
more than the transmission coefficient. The transmis-
sion of photons becomes one when the incident photons
do not interact with the atoms.
The general two-photon scattering state of two incident
photons with energy Ek = Ek1 + Ek2 = k1 + k2 has the
form
|k1, k2〉 =
∫
dx1dx2
[
A2
{
g(x1, x2)
1√
2
a†e(x1)a
†
e(x2)
+e1(x1)δ(x2)a
†
e(x1)σ1+ + e2(x1)δ(x2)a
†
e(x1)σ2+
+e3δ(x1)δ(x2)σ1+σ2+
}
+B2
{
j(x1;x2)a
†
e(x1)a
†
o(x2)
+f1(x2)δ(x1)a
†
o(x2)σ1+ + f2(x2)δ(x1)a
†
o(x2)σ2+
}
+C2 h(x1, x2)
1√
2
a†o(x1)a
†
o(x2)
]
|∅〉 , (3.3)
where e1(x) (f1(x)) and e2(x) (f2(x)) are the ampli-
tudes of the excited left and right atom respectively
when there is a photon in the even (odd) mode. Here,
g(x1, x2), j(x1;x2), and h(x1, x2) are the amplitudes of
two photons in the even modes, one in the even plus
another in the odd mode, and two photons in the odd
modes respectively. The amplitude of two excited atoms
is given by e3. The coefficients, A2, B2 and C2 determine
initial conditions of incident photons [9, 12]. We find
these amplitudes from the two-photon Scho¨dinger equa-
tion with a choice of incoming two-photon state (check
Appendix A). Let us call Ω˜1 − Ω˜2 = ∆,
√
∆2 − Γ2 = β
and λ± = Ek−(Ω˜1+Ω˜2)/2+iΓ/2±β/2. The amplitudes
of two-photon wavefunction are
g(x1, x2) =
1√
2
(gk1(x1)gk2(x2) + gk2(x1)gk1(x2))
+
[
θ(x1 − x2)θ(x2)
(∆ + β − iΓ√
2V
c1e
iλ−x1ei(Ek−λ−)x2
+
∆− β − iΓ√
2V
c2e
iλ+x1ei(Ek−λ+)x2
)
+ (x1 ↔ x2)
]
,(3.4)
j(x1;x2) = (gk1(x1)hk2(x2) + gk2(x1)hk1(x2)),
h(x1, x2) =
1√
2
(hk1(x1)hk2(x2) + hk2(x1)hk1(x2)).
The part of the wavefunction in Eq.3.4 involving c1, c2
(Appendix A) is generated because of inelastic photon
scattering by the atoms, and is a signature of the back-
ground fluorescence. This part is also responsible for the
photon-photon correlations created by resonant interac-
tions of the light beam with the atoms. By integrating
out the field operators of the 2LAs from Eq.3.3 we write
down an asymptotic outgoing scattering state using the
original right and left moving free photons as a combina-
tion of two transmitted t2(x1, x2), two reflected r2(x1, x2)
and one transmitted plus one reflected photon rt(x1, x2).
For two incident photons in the right-moving channel,
the asymptotic state is [12]∫
dx1dx2
[
t2(x1, x2)
1√
2
a†R(x1)a
†
R(x2) + r2(x1, x2)
1√
2
a†L(x1)a
†
L(x2) + rt(x1, x2)a
†
R(x1)a
†
L(x2)
]
|∅〉 .(3.5)
Later we discuss nature of the various parts of the two-
photon wavefunction in Eq.3.5 of two different 2LAs in
comparison with that of a V -type 3LA.
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FIG. 4. Correlation of two transmitted photons |t2(x1, x2)|2
for multiple identical 2LAs with scaled distance separation
Γ(x1−x2) between photons. The left figures (a,c) are for two
incident photons at single-photon resonance, Ek1 = Ek2 = Ω.
|t2(x1, x2)|2 is zero for even number of 2LAs at Ek1 = Ek2 =
Ω. The right figures (b,d) are at a detuned incident energy,
Ek1 = Ek2 and Ek1 − Ω = 1.25Γ. The number of 2LAs in
the right figures (b, d) is 1 to 4 for the curves from the top to
bottom. The loss γ = 0 in (a,b) and γ = Γ/4 in (c,d).
IV. MULTIPLE IDENTICAL TWO-LEVEL
ATOMS
For two identical 2LAs, the expression in Eq.3.4 of the
two-photon wavefunction in the even modes reduces to
g2(x1, x2) =
1√
2
(g2,k1(x1)g2,k2(x2) + g2,k2(x1)g2,k1(x2))
− iV√
2
C2
[
eiEkx2−i(Ω−iγ/2−iΓ)(x2−x1)θ(x2 − x1)θ(x1) +
(x1 ↔ x2)
]
, where g2,k(x) =
eikx√
2pi
(θ(−x) + τ2(k)θ(x)),
C2 = 8iV e2(k1)e2(k2)− 2
√
2iΓ(e2(k1) + e2(k2))√
pi(Ek − 2Ω + iγ + iΓ) . (4.1)
Here C2 is a measure of the strength of photon-photon
interactions. The form of the two-photon wavefunction
in the even modes for multiple identical 2LAs is almost
similar to the one in Eq.4.1 except the spread of two-
photon bound state (part of the wavefunction with C2)
over x1 − x2 reduces with increasing number of atoms.
It signals the fall of two photon correlations with an in-
creasing number of identical atoms. For example, the
two-photon wavefunction in the even modes for three
identical 2LAs is (Appendix B)
g3(x1, x2) =
1√
2
(g3,k1(x1)g3,k2(x2) + g3,k2(x1)g3,k1(x2))
− iV√
2
C3
[
eiEkx2−i(Ω−iγ/2−1.5iΓ)(x2−x1)θ(x2 − x1)θ(x1) +
(x1 ↔ x2)
]
, where g3,k(x) =
eikx√
2pi
(θ(−x) + τ3(k)θ(x)),
C3 = 18iV e3(k1)e3(k2)− 6
√
2iΓ√
pi
e3(k1) + e3(k2)
Ek − 2Ω˜ + 2iΓ
, (4.2)
and e3(k) = V/(
√
2pi(Ek − Ω˜ + 1.5iΓ)), τ3(k) = (Ek −
Ω˜ − 1.5iΓ)/(Ek − Ω˜ + 1.5iΓ). We find for four identical
2LAs (Appendix C),
C4 = 32iV e4(k1)e4(k2)− 12
√
2iΓ√
pi
e4(k1) + e4(k2)
Ek − 2Ω˜ + 3iΓ
,(4.3)
where e4(k) = V/(
√
2pi(Ek − Ω˜ + 2iΓ)) and τ4(k) =
(Ek−Ω˜−2iΓ)/(Ek−Ω˜+2iΓ). At single photon resonance,
i.e., Ek = Ω and γ = 0, we find Cl = 0 for an even number
of identical 2LAs, and the magnitude of Cl falls with an
increasing odd number of identical 2LAs (see Fig.4(a)).
Two degenerate incident photons at single-photon res-
onance are reflected from an even number of identical
2LAs by a purely elastic scattering process, thus no in-
elastic two-photon bound-state is formed in this case. Of
course, Cl is not exactly zero even for an even number of
atoms in a more physical situations with a finite value of
loss (i.e., γ 6= 0) and a slightly detuned incident energy
from the single photon resonance. We plot correlations
of two transmitted photons in multiple identical 2LAs for
incident photons at single-photon resonance in Figs.4(a,
c) and detuned from single-photon resonance in Figs.4(b,
d). The two-photon correlations fall monotonically with
an increasing number of 2LAs for two detuned incident
photons. In Figs.4(c, d) we show that the nonmono-
tonic and monotonic behaviour of two-photon correla-
tions respectively at single-photon resonance and away
from single-photon resonance survive for a finite value
of spontaneous emissions (i.e., γ 6= 0) to the non-guided
modes.
V. V -TYPE THREE LEVEL ATOM (3LA)
Next we consider a V -type 3LA as shown in Fig.2(b).
The Hamiltonian of a single 3LA in a 1D waveguide with
right and left-moving photon modes is exactly identical
to Eq.2.1 with N = 2. The single-photon transport in a
V−type 3LA is the same to that in the two 2LAs with
similar transition energies. This is because single photon
can excite only one atomic transition of two 2LAs or a
3LA at a time. Two photons can simultaneously excite
two atomic transitions of two independent 2LAs, but not
two transitions of a V -type 3LA where only one transition
5can be excited at a time. This creates a difference in two-
photon transport in two 2LAs and in a V -type 3LA with
similar energy configuration.
The two-photon transport in a V -type 3LA in a 1D
waveguide can be found easily from the previous calcu-
lation for two different 2LAs by setting e3 = 0 in Eq.3.3,
because two excited levels of a 3LA can not be excited
simultaneously. We compare nature of two transmitted
and two reflected photons from two 2LAs and a 3LA in a
1D waveguide for different parameters. For simplicity we
first consider γ1 = γ2 = 0 in the following comparison,
though a loss (γl 6= 0) develops little different features
as shown later. (i) First, we consider the case when two
transitions of two 2LAs or a 3LA are nearly identical,
Ω1 → Ω2 = Ω. It can occur both in real and artificial
atoms. For example, energy level structure of a neutral
quantum dot (such as, an InAs quantum dot) under a
magnetic field includes a ground state and two bright
exciton states which represent two anti-aligned spin con-
figurations of the electron and hole [25]. The applied
magnetic field controls the energy difference (Ω2 − Ω1)
between the bright exciton states, and the energy dif-
ference at low magnetic field can be much smaller than
the broadening Γ due to coupling with the guided pho-
ton modes, i.e., (Ω2 − Ω1) << Γ. Therefore the energy
of the excited states are almost degenerate at low mag-
netic field. Similar degeneracy in the excited states can
also arise in atomic systems when the hyperfine split-
ting is consumed by the widening of spectral line-widths
by different mechanisms including the Doppler broaden-
ing. When Ω1 → Ω2 = Ω, two degenerate incident pho-
tons at Ek1 = Ek2 = Ω are perfectly reflected from two
identical 2LAs, and the correlations of two reflected pho-
tons |r2(x1, x2)|2 is constant (which is equal to 1/2pi2)
for any distance separation x = x1 − x2 between them
(see Fig.5(a)). The corresponding wavefunction of two
transmitted photons |t2(x1, x2)|2 is zero at all x. In con-
trast, two reflected photons at these parameters for a
V -type 3LA is anti-bunched, (check Fig.5(c)) while two
transmitted photons are bunched together, Fig.5(b). The
anti-bunching of two reflected photons in a side-coupled
V -type 3LA occurs because two photons can not be emit-
ted simultaneously by the 3LA, and the reflected pho-
tons are solely due to emission from the 3LA. (ii) Two
degenerate incident photons each with energy equal to
(Ω1 + Ω2)/2 are fully transmitted through two different
2LAs, and and the correlations of two transmitted pho-
tons is constant (equal to 1/2pi2) at any x. The corre-
sponding wavefunction of two reflected photons is zero at
all x. The nature of two transmitted and two reflected
photons for a 3LA at these parameter sets is identical to
the two different 2LAs. (iii) The correlation of two trans-
mitted photons for two different 2LAs in a 1D waveguide
is zero at all x when the incident photon energy Ek1 = Ω1
and Ek2 = Ω2 with Ω1 6= Ω2. The correlation of two re-
flected photons for two different 2LAs at these parame-
ters shows a cosine oscillation with x (see Fig.5(d)). The
nature of two transmitted and two reflected photons for a
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FIG. 5. Correlations of two transmitted |t2(x1, x2)|2 (middle
column) and two reflected |r2(x1, x2)|2 (first and last columns)
photons with scaled distance separation Γ(x1 − x2) between
photons. The first column is for two 2LAs, and the middle
and last columns are for a V -type 3LA. The parameters are,
Ω1 → Ω2 = Ek1 = Ek2 (first row) and Ω1 = Ek1 , Ω2 =
Ek2 , Ω2 − Ω1 = 2.5Γ (second row). In all plots, γ1 = γ2 = 0.
3LA at these parameter sets is different from the two dif-
ferent 2LAs. Two transmitted photons from a 3LA are
bunched (see Fig.5(e)) while two reflected photons are
anti-bunched in Fig.5(f). The correlation of two reflected
photons from a 3LA at these parameters also oscillates
with x (see Fig.5(f)).
In all three above sets, the total energy of incident
photons is (Ω1 + Ω2), when the fluorescence vanishes
completely in two 2LAs, it has been discussed recently
[14, 26]. However, a loss γl 6= 0 from the 2LAs can create
non-zero fluorescence. The nature of two transmitted or
two reflected photons in a system of two 2LAs and in a
V -type 3LA are identical when the single photon trans-
mission amplitude (which is same in both the systems)
is exactly one. Then the amplitude e3 of simultaneous
excitation of both the 2LAs is zero, and the system of
two 2LAs behaves like a V -type 3LA. Away from this
special parameter set (which can be achieved easily with
a slightly detuned incident photons or incorporating a
loss γl 6= 0) the nature of two transmitted or two re-
flected photons in a system of two 2LAs and in a V -type
3LA are very different. Therefore, two-photon scatter-
ing by a tightly focused weak light beam can be used to
differentiate between two 2LAs and a V -type 3LA with
similar transition energies. We show the correlations of
two transmitted photons |t2(x1, x2)|2 from two 2LAs and
a single V -type 3LA in Figs.6(a,b,d,e) for finite values of
the spontaneous emissions to non-guided modes, γl 6= 0.
The differences in the two-photon correlations coming
from two 2LAs and a 3LA remain pronounced even in
the presence of loss from the excited states of the atoms.
The correlations of two transmitted photons in two 2LAs
is almost zero at single-photon resonance for a finite loss.
6The single photon transmission in an ensemble of four
2LAs is similar to that in an ensemble of two V -type
3LAs with similar level structures, for example, a 2LA
ensemble where two 2LAs have transition energy Ω1 and
other two have Ω2, while each 3LA in a 3LA ensemble
has two transition energies Ω1 and Ω2. Now, two V -type
3LAs are saturated by two photons because two photons
can simultaneously excite two transitions of two differ-
ent 3LAs. Still, two-photon transport in four 2LAs is
different from that in two 3LAs. This is because two
photons can excite any two atoms of four 2LAs, thus
there are total six possible amplitudes of exciting any
two 2LAs, while two transitions from two different 3LAs
can be excited by two photons, therefore there are to-
tal four options for two simultaneous atomic transitions
in the 3LAs. It creates a difference between two-photon
transport in four 2LAs and two-photon transport in two
V -type 3LAs. Let us consider a system of four identi-
cal 2LAs for which we have already calculated the in-
elastic scattering contribution (see Eq.4.3). The inelastic
contribution in two-photon scattering from two identical
V -type 3LAs with two almost similar transition energies
Ω1 → Ω2 = Ω is given by
C2V = 32iV e4(k1)e4(k2)− 8
√
2iΓ√
pi
e4(k1) + e4(k2)
Ek − 2Ω˜ + 2iΓ
(5.1)
where e4(k) and τ4(k) are as before. Away from single-
photon resonance, C2V 6= C4. The correlations of two
transmitted photons in four identical 2LAs and two iden-
tical V -type 3LAs are shown in Figs.6(c,f) in the ab-
sence and presence of loss from the excited states. The
difference in two-photon scattering also persists between
six 2LAs and three V -type 3LAs. However, with an in-
creasing number of atoms this difference becomes weaker.
Single photon transport in a driven Λ type 3LA [12, 16]
where one transition is coupled to photon modes and an-
other transition is driven by a classical laser beam, is also
similar to the two 2LAs in a 1D waveguide. We find that
two-photon transport in a driven Λ type 3LA matches
with that in a V -type 3LA in a 1D waveguide.
VI. DIPOLE-DIPOLE INTERACTIONS
When we include a dipole-dipole interaction term
J
∑N
l,m=1(σl+σm− + σm−σl+) between 2LAs, the nature
of two-photon correlations gets modified. For example,
a single photon is fully reflected from two identical 2LAs
when energy of incident photon is Ek = Ω + J and
γ = 0 where Ω1 = Ω2 = Ω. However the correla-
tion of two transmitted photons through two identical
2LAs is nonzero for a finite J at single-photon resonance,
Ek1 = Ek2 = Ω + J as shown in Fig.7(a,d). The corre-
lation of two transmitted photons reduces to zero as the
dipole-dipole interaction vanishes (see Sec.IV). We also
find that the photon-photon correlation due to two cor-
related 2LAs can be stronger than the maximum photon-
photon correlation generated by a single 2LA. It is shown
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FIG. 6. Correlations of two transmitted photons |t2(x1, x2)|2
with scaled distance separation Γ(x1 − x2) between photons.
The red dashed lines are for two (b,e) or four 2LAs (c,f),
and the solid lines are for one (a,b,d,e) or two (c,f) V -type
3LAs. The parameters are, Ω1 → Ω2 = Ek1 = Ek2 in panel
(a), Ω1 = Ek1 , Ω2 = Ek2 , Ω2 − Ω1 = 1.25Γ in panel (b),
Ω1 → Ω2 = Ek1 = Ek2 in panels (c, f), Ω1 = Ek1 , Ω2 =
Ek2 , Ω2 − Ω1 = 2.5Γ in panel (d) and Ω1 = Ek1 , Ω2 =
Ek2 , Ω2−Ω1 = 0.5Γ in panel (e). In all panels γ1 = γ2 = Γ/4
except γ1 = γ2 = 0 in panel (c) and γ1 = γ2 = Γ/2 in panel
(e).
in Fig.7(c,f) where the height of peaks is larger than the
height of the peaks in Fig.4(a,b). Notice that we choose
energy of the incident photons at single-photon resonance
of one atom in Fig.4(a,b). Correlation of two transmit-
ted photons oscillates with the distance between atoms
when energy of the both incident photons are away from
single-photon resonance of any atom.
VII. DISCUSSION AND PROSPECTS
Resonance fluorescence of two two-level atoms in
running- and standing-wave laser fields has been dis-
cussed before for studying various interesting phenomena
ranging from quantized cooling of identical atoms in the
laser fields to inelastic coherent back-scattering spectrum
of the laser light incident on cold atoms [27–30]. Most of
these studies are based on the master equations where the
quantum regression theorem is used to derive resonance
fluorescence spectrum emitted by these atoms. While an
exact fully microscopic analysis is beyond the scope of
these earlier studies, the effects arising from the distance
separation between two two-level atoms are investigated
carefully. The main difference between these earlier stud-
ies in 1D and the present study is the inclusion of spon-
taneous emission from atoms into the guided modes in
our study. The two-photon scattering from multiple two-
level atoms have been evaluated in some recent papers
[31, 32]. However none of these studies has investigated
carefully a scaling of two-photon nonlinearity with an in-
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FIG. 7. Correlations of two transmitted photons |t2(x1, x2)|2
with scaled distance separation Γ(x1−x2) between photons for
two 2LAs at a finite dipole-dipole coupling J . The parameters
are, Ω1 = Ω2, Ek1 = Ek2 = Ω1 + J in panels (a,d), Ω1 =
Ek1 , Ω2 = Ek2 , Ω2 − Ω1 = 1.25Γ in panels (b,e), and Ω2 −
Ω1 = 1.25Γ, Ek1 = Ek2 = Ω1 + J in panels (c, f). The
dipole-dipole coupling between atoms J = Γ in the first row
and J = 2.5Γ in the second row.
creasing number of two-level atoms at single-photon res-
onance and away from single-photon resonance. The dif-
ferences in the resonance fluorescence of two-level atoms
and three-level atoms in a one-dimensional tightly fo-
cused laser field have not been discussed earlier according
to our best knowledge. The inelastic two-photon scatter-
ing of a tightly focused laser beam can be used to dif-
ferentiate two and three-level atoms with similar level
structures which have similar line-shape in the single-
photon scattering. Therefore, it can be viewed as some
type of spectroscopy based on inelastic scattering such as
Raman spectroscopy. The input two-photon Fock state
can be generated using a weak coherent state input or
using deterministic single-photon sources [33] and single-
photon pulses [34]. The deterministic creation of pure
two-photon Fock states has been demonstrated in cavity
quantum electrodynamics [35, 36] and solid-state systems
[37]. Many practical challenges relevant in experimen-
tal study of the present system have been discussed in
Ref.[14]. The theoretical method employed in this paper
can be further extended to study scattering of three or
more photons in this geometry. One would also be able
to include the distance separations between atoms within
this scattering theory approach.
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Appendix A: Single and two-photon scattering by
two different two-level atoms
In this appendix we provide a derivation of the sin-
gle and two-photon scattering states of a tightly focused
weak light beam. We start with the transformed Hamil-
tonian of the atom-photon system obtained in the main
text after the even-odd transformation. The Hamiltonian
reads,
H = He +Ho, where (A1)
He +Ho = −ivg
∫
dx (a†e(x)∂xae(x) + a
†
o(x)∂xao(x))
+
2∑
l=1
[
V (a†e(0)σl− +H.c.) + Ω˜la
†
elael
]
, (A2)
with Ω˜l = Ωl − iγl/2. We set the group velocity vg = 1.
Single-photon scattering state: A single-photon scat-
tering state |k〉 of an incident photon with energy Ek = k
is given in Eq.3.1. We derive the amplitudes in Eq.3.1
using the single-photon Schro¨dinger equation, H|k〉 =
Ek|k〉. Thus we obtain the following linear equations for
the amplitudes in |k〉 from the single-photon Schro¨dinger
equation,
− i∂xgk(x)− Ekgk(x) + V δ(x)(ek,1 + ek,2) = 0,(A3)
(Ω1 − iγ1
2
− Ek)ek,1 + V gk(x)δ(x) = 0,(A4)
(Ω2 − iγ2
2
− Ek)ek,2 + V gk(x)δ(x) = 0.(A5)
We find a continuity relation across x = 0, gk(0+) =
gk(0−) − iV (ek,1 + ek,2) from Eq.A3. We use the regu-
larization, gk(0) = (gk(0+) + gk(0−))/2, and the initial
condition gk(x < 0) = e
ikx/
√
2pi. Thus we find from
Eqs.A4,A5
(Ek − Ω1 + i
2
(γ1 + V
2))ek,1 +
iV 2
2
ek,2 =
V√
2pi
,
(Ek − Ω2 + i
2
(γ2 + V
2))ek,2 +
iV 2
2
ek,1 =
V√
2pi
.
Solving the above two equations we find ek,1 = V (Ek −
Ω˜2)/(
√
2piΞ), ek,2 = V (Ek − Ω˜1)/(
√
2piΞ) where Ξ =
(Ek − Ω˜1 + iΓ/2)(Ek − Ω˜2 + iΓ/2) + Γ2/4 and Γ = V 2.
Using ek,1, ek,2 in the continuity relation of gk(x) across
x = 0, we find gk(x) = (θ(−x)+t2(k)θ(x))eikx/
√
2pi with
t2(k) =
(Ek − Ω˜1 − iΓ/2)(Ek − Ω˜2 − iΓ/2) + Γ2/4
(Ek − Ω˜1 + iΓ/2)(Ek − Ω˜2 + iΓ/2) + Γ2/4
.
As a photon in the odd mode does not interact with the
atoms, we find hk(x) = e
ikx/
√
2pi.
Two-photon scattering state: A general two-photon
scattering state of two incident photons is written in
Eq.3.3. From the two-photon Scho¨dinger equation,
H|k1, k2〉 = Ek|k1, k2〉, we find the following linear dif-
ferential equations for the amplitudes in Eq.3.3,
8(
− i∂x1 − i∂x2 − Ek
)
g(x1, x2) +
V√
2
∑
l=1,2
[el(x1)δ(x2) + δ(x1)el(x2)] = 0, (A6)
(
− i∂x − Ek + Ω1 − iγ1
2
)
e1(x) +
V√
2
[g(0, x) + g(x, 0)] + V e3δ(x) = 0, (A7)(
− i∂x − Ek + Ω2 − iγ2
2
)
e2(x) +
V√
2
[g(0, x) + g(x, 0)] + V e3δ(x) = 0, (A8)
(Ω1 − iγ1
2
+ Ω2 − iγ2
2
− Ek)e3 + V (e1(0) + e2(0)) = 0, (A9)(
− i∂x1 − i∂x2 − Ek
)
j(x1;x2) + V δ(x1)(f1(x2) + f2(x2)) = 0, (A10)
(
− i∂x − Ek + Ω1 − iγ1
2
)
f1(x) + V j(0;x) = 0,(A11)(
− i∂x − Ek + Ω2 − iγ2
2
)
f2(x) + V j(0;x) = 0,(A12)(
− i∂x1 − i∂x2 − Ek
)
h(x1, x2) = 0.(A13)
The Eqs.A7,A8 are coupled to each other by g(x1, x2),
and we write Eqs.A7,A8 using the matrix notation,
∂x~e(x) = i
←→
A~e(x)−
√
2iV g(x, 0−)~1− iV e3δ(x)~1, where
←→
A =
(
Ek − Ω˜1 + iΓ2 iΓ2
iΓ2 Ek − Ω˜2 + iΓ2
)
, (A14)
and ~e(x) = (e1(x), e2(x))
T, ~1 = (1, 1)T where T stands
for transpose. We can decouple the coupled linear-
differential equations in Eq.A14 by using the follow-
ing transformation. We define here, Ω˜1 − Ω˜2 = ∆,√
∆2 − Γ2 = β. The eigenvalues of ←→A are λ± =
Ek − (Ω˜1 + Ω˜2)/2 + iΓ/2± β/2. We form a 2× 2 square
matrix
←→
P using the eigenvectors |λ+〉, |λ−〉 of ←→A , thus←→
P = (|λ−〉, |λ+〉), and we have
←→
P −1
←→
A
←→
P =
(
λ− 0
0 λ+
)
. (A15)
Therefore, we write,
∂x
(←→
P −1~e(x)
)
= i
(←→
P −1
←→
A
←→
P
)(←→
P −1~e(x)
)
−
√
2iV g(x, 0−)←→P −1~1− iV e3δ(x)←→P −1~1,
(A16)
which gives two decoupled linear-differential equations
for the transformed amplitudes, ~˜e(x) =
←→
P −1~e(x). A
similar transformation decouples the Eqs.A11,A12. Next
we use the method of the Ref.[23] to calculate all the
amplitudes in the Eq. 3.3. We find
e1(x) = (
i(∆ + β)
Γ
c1e
iλ−x +
i(∆− β)
Γ
c2e
iλ+x)θ(x)
+ (ek1,1gk2(x) + ek2,1gk1(x)), (A17)
e2(x) = (c1e
iλ−x + c2e
iλ+x)θ(x)
+ (ek1,2gk2(x) + ek2,2gk1(x)), (A18)
and fl(x) = ek1,lhk2(x) + ek2,lhk1(x), with l = 1, 2, and
e3 = i(t2(k1)+ t2(k2)−2)/(2pi(Ek− Ω˜1− Ω˜2 + iΓ)). Here
c1 =
−iΓ−∆ + β
4piβ
i(Γεk1ηk2 + Γεk2ηk1 − 2piV e3),
c2 =
iΓ + ∆ + β
4piβ
i(Γςk1ηk2 + Γςk2ηk1 − 2piV e3), (A19)
and ηk = i(t2(k) − 1)/Γ, εk = V/(k − (Ω˜1 + Ω˜2)/2 +
iΓ/2 − β/2), ςk = V/(k − (Ω˜1 + Ω˜2)/2 + iΓ/2 + β/2).
The amplitudes of two-photon wavefunction are given in
Eq.3.4 and next two equations.
Appendix B: Two-photon scattering by three
two-level atoms
The Hamiltonian of three two-level atoms coupled to a
tightly focused weak light beam after the even-odd trans-
formation for the photon modes reads, H = He + Ho
where
He +Ho = −ivg
∫
dx(a†e(x)∂xae(x) + a
†
o(x)∂xao(x))
+
3∑
l=1
[
V (a†e(0)σl− +H.c.) + Ω˜la
†
elael
]
. (B1)
We set the group velocity vg = 1 as before. A two-photon
scattering state in the above system for two incident pho-
tons with energy, Ek = k1 + k2 is given by
9|k1, k2〉 =
∫ [
A2
{
g(x1, x2)
1√
2
a†e(x1)a
†
e(x2) + (e1(x1)σ1+ + e2(x1)σ2+ + e3(x1)σ3+)δ(x2)a
†
e(x1)
+δ(x1)δ(x2)(e12σ1+σ2+ + e13σ1+σ3+ + e23σ2+σ3+)
}
+B2
{
j(x1;x2)a
†
e(x1)a
†
o(x2) + (f1(x2)σ1+
+f2(x2)σ2+ + f3(x2)σ3+)δ(x1)a
†
o(x2)
}
+ C2 h(x1, x2)
1√
2
a†o(x1)a
†
o(x2)
]
dx1dx2|∅〉. (B2)
We use bold symbols for the amplitudes in this appendix
to distinguish them from the previous appendix. We find
a set of coupled linear-differential equations using the
two-photon Scho¨dinger equation,
(
− i∂x1 − i∂x2 − Ek
)
g(x1, x2) +
V√
2
3∑
l=1
[el(x1)δ(x2) + δ(x1)el(x2)] = 0, (B3)(
− i∂x − Ek + Ω˜1
)
e1(x) +
V√
2
[g(0, x) + g(x, 0)] + V (e12 + e13)δ(x) = 0, (B4)(
− i∂x − Ek + Ω˜2
)
e2(x) +
V√
2
[g(0, x) + g(x, 0)] + V (e23 + e12)δ(x) = 0, (B5)(
− i∂x − Ek + Ω˜3
)
e3(x) +
V√
2
[g(0, x) + g(x, 0)] + V (e23 + e13)δ(x) = 0, (B6)(
− i∂x1 − i∂x2 − Ek
)
j(x1;x2) + V δ(x1)(f1(x2) + f2(x2) + f3(x2)) = 0, (B7)
(Ω˜1 + Ω˜2 − Ek)e12 + V (e1(0) + e2(0)) = 0, (B8)
(Ω˜2 + Ω˜3 − Ek)e23 + V (e2(0) + e3(0)) = 0, (B9)
(Ω˜1 + Ω˜3 − Ek)e13 + V (e1(0) + e3(0)) = 0, (B10)(
− i∂x − Ek + Ω˜1
)
f1(x) + V j(0;x) = 0, (B11)(
− i∂x − Ek + Ω˜2
)
f2(x) + V j(0;x) = 0, (B12)(
− i∂x − Ek + Ω˜3
)
f3(x) + V j(0;x) = 0, (B13)(
− i∂x1 − i∂x2 − Ek
)
h(x1, x2) = 0. (B14)
We can find solutions of the above coupled linear-
differential equations following the method of the Ap-
pendix A. Here we are interested to study identical
atoms, and simplify the problem by choosing, Ω1 = Ω2 =
Ω3 = Ω and γ1 = γ2 = γ3 = γ. We define for the identi-
cal atoms, g(x1, x2) ≡ g3(x1, x2), e1(x)+e2(x)+e3(x) =
e˜(x) and e12 +e13 +e23 = ρ. Thus we find from Eqs.B3-
B10,(
− i∂x1 − i∂x2 − Ek
)
g3(x1, x2) +
V√
2
e˜(x) = 0,(B15)(
− i∂x − Ek + Ω˜
)
e˜(x) +
3V√
2
[g3(0, x) + g3(x, 0)]
+2V ρδ(x) = 0, (B16)
(2Ω˜− Ek)ρ+ 2V e˜(0) = 0. (B17)
We get from the last equation ρ = 2V e˜(0)/(Ek − 2Ω˜).
The discontinuity relations from the above relations are,
g3(x, 0+) = g3(x, 0−) − iV√2 e˜(x) and e˜(0+) = e˜(0−) −
2iV ρ. Now we calculate e˜(x < 0) from Eq.B16 using the
initial condition of g3(x1, x2),
e˜(x < 0) =
3√
2pi
(e3(k2)e
ik1x + e3(k1)e
ik2x), where
e3(k) =
V√
2pi(Ek − Ω˜ + 1.5iΓ)
. (B18)
Next we derive g3(x1, x2) in the region x1 < 0, x2 > 0,
g3(x1, x2) =
1
2pi
√
2
(eik1x1+ik2x2τ3(k2) + e
ik2x1+ik1x2τ3(k1)),
τ3(k) = 1− 3iV e3(k) = Ek − Ω˜− 1.5iΓ
Ek − Ω˜ + 1.5iΓ
. (B19)
We write e˜(0) = e˜(0−) − iV ρ and find ρ =
3
√
2V (e3(k1)+e3(k2))√
pi(Ek−2Ω˜+2iΓ) . Now we can calculate e˜(x > 0) from
Eq.B16
e˜(x) = C3ei(Ek−Ω+ 32 iΓ)x + 3√
2pi
(τ3(k2)e3(k1)e
ik2x
+ τ3(k1)e3(k2)e
ik1x), (B20)
C3 = 18iV e3(k1)e3(k2)− 6
√
2iΓ√
pi
e3(k1) + e3(k2)
Ek − 2Ω˜ + 2iΓ
.
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Appendix C: Two-photon scattering by four
two-level atoms
The calculation in this appendix is similar to the Ap-
pendix B, and it can be carried out for many atoms.
The Hamiltonian of four two-level atoms coupled to a
tightly focused weak light beam (or the atom-photon in-
teraction in a one-dimensional waveguide) can be written
after an even-odd transformation for the photon modes
as, H = He +Ho where
He +Ho = −ivg
∫
dx(a†e(x)∂xae(x) + a
†
o(x)∂xao(x))
+
4∑
l=1
[
V (a†e(0)σl− +H.c.) + Ω˜la
†
elael
]
. (C1)
Now we set again vg = 1. We write a two-photon
scattering state for two incident photons with energy,
Ek = k1 + k2 as
|k1, k2〉 =
∫
dx1dx2
[
A2
{
g(x1, x2)
1√
2
a†e(x1)a
†
e(x2) +
4∑
l=1
el(x1)δ(x2)a
†
e(x1)σl+ +
4∑
m>l=1
elmδ(x1)δ(x2)σl+σm+
}
+ B2
{
j(x1;x2)a
†
e(x1)a
†
o(x2) +
4∑
l=1
fl(x2)δ(x1)a
†
o(x2)σl+
}
+ C2h(x1, x2)
1√
2
a†o(x1)a
†
o(x2)
]
|∅〉. (C2)
Now we can write seventeen coupled linear-differential
equations from the two-photon Scho¨dinger equation to
find the seventeen unknown amplitudes in the two-
photon scattering state in Eq.C2. This is similar to the
three atoms. We simplify the problem here again by
choosing identical atoms, Ωl = Ω, γl = γ for l = 1, 2, 3, 4.
Next we define for the identical atoms, g(x1, x2) ≡
g4(x1, x2), e1(x) + e2(x) + e3(x) + e4(x) = e˜(x) and e12 +
e13+e14+e23+e24+e34 = ρ. We find from the two-photon
Schro¨dinger equation,(
− i∂x1 − i∂x2 − Ek
)
g4(x1, x2) +
V√
2
e˜(x) = 0, (C3)(
− i∂x − Ek + Ω˜
)
e˜(x) +
4V√
2
[g4(0, x) + g4(x, 0)]
+2V ρδ(x) = 0, (C4)
(2Ω˜− Ek)ρ+ 3V e˜(0) = 0. (C5)
We get from the last equation ρ = 3V e˜(0)/(Ek − 2Ω˜).
We find the following discontinuity relations from these
above relations, g4(x, 0+) = g4(x, 0−) − iV√2 e˜(x) and
e˜(0+) = e˜(0−) − 2iV ρ. Now we can calculate e˜(x < 0)
from Eq.C4,
e˜(x) =
2
√
2√
pi
(e4(k2)e
ik1x + e4(k1)e
ik2x), where
e4(k) =
V√
2pi(Ek − Ω˜ + 2iΓ)
. (C6)
Next we derive g4(x1, x2) in the region x1 < 0, x2 > 0,
g4(x1, x2) =
1
2pi
√
2
(eik1x1+ik2x2τ4(k2)
+ eik2x1+ik1x2τ4(k1)), (C7)
τ4(k) = 1− 4iV e4(k) = Ek − Ω˜− 2iΓ
Ek − Ω˜ + 2iΓ
.
We write e˜(0) = e˜(0−)−iV ρ and ρ = 6
√
2V (e4(k1)+e4(k2))√
pi(Ek−2Ω˜+3iΓ) .
Next we derive e˜(x > 0) from Eq.C4 using Eq.C7,
e˜(x) = C4ei(Ek−Ω˜+2iΓ)x + 2
√
2√
pi
(τ4(k2)e4(k1)e
ik2x
+ τ4(k1)e4(k2)e
ik1x), (C8)
C4 = 32iV e4(k1)e4(k2)− 12
√
2iΓ√
pi
e4(k1) + e4(k2)
Ek − 2Ω˜ + 3iΓ
.(C9)
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